
www.elsevier.com/locate/ijhmt

International Journal of Heat and Mass Transfer 50 (2007) 2346–2354
Effects of a finite section with linearly varying wall temperature
on mixed convection in a vertical channel

Tsai-Shou Chang

Department of Power Mechanical Engineering, National Formosa University, 64 Wun-Hua Road, Huwei, Yuenlin 63208, Taiwan ROC

Received 27 July 2006; received in revised form 21 October 2006
Available online 28 December 2006
Abstract

Laminar mixed convection in a vertical channel with a finite section of a linearly varying wall temperature is numerically investigated.
Dramatic variations of local velocity, temperature, local and average Nusselt numbers are plotted to demonstrate the influences of inves-
tigated parameters including Reynolds number, Grashof number and the degree of wall temperature variation. Particular attention is
paid to reveal the effects of linearly varying temperature. The results suggest that the average Nusselt number Nu increases with Re

and Gr. Moreover, Nu is higher with a linearly increasing wall temperature than that with a linearly decreasing wall temperature. Finally,
an excellent correlation is proposed to predict Nu over the wide ranges of investigated parameters.
� 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

Mixed convection flow through a heated channel has
been extensively explored because of its occurrence in many
practical applications such as the cooling of electronic
equipment, heat exchangers, etc. Comprehensive reviews
have been conducted by Incropera [1], Aung [2] and Geb-
hart et al. [3]. Most of the previous researches investigated
the mixed convection with either uniform wall temperature
or wall heat flux thermal boundary condition. However,
these imposed thermal boundary conditions are not suit-
able in many practical applications such as heat exchangers
[4,5], inject mold, transient setup and shutdown processes
and non-equilibrium solidification processes. Furthermore,
to meet the industrial requirements, a non-uniform thermal
boundary is necessary. For example, Kim et al. [6] utilized a
non-uniform temperature distribution to obtain a uniform
thickness substance film in chemical deposition process.
Therefore it is necessary to discover the influences of the
0017-9310/$ - see front matter � 2006 Elsevier Ltd. All rights reserved.
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non-uniform thermal boundary conditions on the heat
transfer and flow characteristics in mixed convection flow.
In the following, some of the published reports relevant to
mixed convection and the effects of non-uniform thermal
boundary are reviewed, respectively.

It is well known that buoyancy plays an important role
on the forced fluid flow and heat transfer in a heated verti-
cal channel. For an aiding flow with a sufficient high Gr/
Re2, the fluid near the heated walls is accelerated to a very
high speed, causing the flow reversal in the central portion
of the channel in order to maintain mass conservation. On
the other hand, in general, a recirculating flow is observed
near by the heated walls when the opposing buoyancy force
is strong enough to reverse the forced flow locally. Conse-
quently, understanding of mixed convection heat transfer
becomes important and necessary. Tao [7] and Quintiere
and Mueller [8] studied the steady fully developed and
developing mixed convection. Habchi and Acharya [9]
numerically investigated the aiding mixed convection of
air. Their results show that the air temperature increases
with Gr/Re2 and the Nusselt number decreases monotoni-
cally. A similar study was performed by Aung and Worku
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Nomenclature

b channel spacing
g gravitational acceleration
Gr Grashof number, gb(Tm � Te)b

3/m2

h convective heat transfer coefficient
~i;~j unit vector in X and Y direction, respectively
k thermal conductivity of fluid
‘ length of the heated section
L dimensionless length of the heated section
Nu local Nusselt number
Nu average Nusselt number
Nucor;Nunum Nu obtained from the proposed correlation

and numerical simulation, respectively
p pressure
P dimensionless pressure, ðp � qgxÞ=que

2

Pr Prandtl number
Re Reynolds number, ueb=v
T temperature
Te inlet temperature

Tm mean temperature of the heated section
u, v dimensional velocities in x and y direction
ue inlet velocity
ue average inlet velocity
U, V dimensionless velocities in X and Y direction V

*�

provisional velocity vector
x, y Cartesian coordinate
X, Y dimensionless Cartesian coordinate

Greek symbols
a thermal diffusivity
b volumetric thermal expansion coefficient
m kinematic viscosity
h dimensionless temperature, h = (T � Te)/

(Tm � Te)
h1 dimensionless temperature at X = 0 and Y = 0
q density of fluid
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[10], indicating that buoyancy force can cause a severe dis-
tortion in the velocity profile especially under asymmetric
heat condition. The mixed convection with a low Peclet
number in a short channel was examined by Chow et al.
[11]. Various axial length scales to distinguish regions of
different convective mechanisms were discussed by Yao
[12]. Cebeci et al. [13] investigated the recirculating flow
and heat transfer in steady laminar opposing mixed con-
vection in a vertical flat duct. Aung and Worku [14] and
Lavine [15] proposed the criteria for the presence of reverse
flow in vertical and inclined ducts, respectively. Ingham
et al. [16,17] observed that poor heat transfer results for
flow retarded by an opposing buoyancy force, but for a
large and negative Gr/Re2 heat transfer is rather effective.
Actually, heat transfer may be greatly enhanced over the
section containing a strong reverse flow.

It is a classical problem to consider the heat transfer of
an infinite flat plate which has a power-law wall tempera-
ture distribution while the ambient being kept at a constant
temperature [18]. Recently this problem has been re-inves-
tigated and combined with a few interesting features, for
example, with a micropolar fluid [19], a thermally stratified
porous medium [20], combined heat and mass transfer [21],
linearly moving permeable surface [22] and MHD-free con-
vection [23]. The effects of finite heating and/or cooling sec-
tion are of interest, too. Effects of local cooling/heating
surface in a thin vertical cylinder were studied by Kumari
and Nath [24]. They assumed the variations of the wall
temperature and wall heat flux are of the form,
(x � xi)(xj � x)/(xj � xi)

2, where x is the axial coordinate
and xi, xj are two pre-assigned positions. Ramos et al.
[25] carried out the study on the effects of a sinusoidal wall
temperature in an oscillatory flow. Their results show that
the ambient velocity, the oscillatory frequency and the
wave length of the sinusoidal wall temperature are the
important parameters. Hernandez and Zamora [26]
explored the effects of variable properties and non-uniform
heating on the flow and heat behaviors in vertical channels.
Particular attention is paid to the maximum mass flowrate
in the channel inlet induced by natural convection when the
wall heat flux was varied. Saeid and Yaacob [27] performed
a computational work to study the influences of a sinusoi-
dal side-wall temperature on the natural convection in a
square cavity. They found that the imposed oscillatory
amplitude and the wave number strongly affect the heat
transfer. The maximum average Nusselt number occurs
at a wave number about 0.7.

In addition to the spatial variation of thermal boundary
conditions as reviewed above, it is also interested to con-
sider the temporal variation. Turbulent channel flow with
thermal stratification and wall temperature oscillation is
studied numerically by Dong and Lu [28]. Large eddy sim-
ulation coupled with dynamic subgrid-scale models is
employed to analysis the turbulent flow and heat transfer
characteristics. The turbulent heat transfer is observed to
be significantly affected by the forced wall temperature
oscillation. The laminar mixed convection in an inclined
channel was analytically investigated by Barletta and Zan-
chini [29]. Particular attention is focused on the effects
resulted from the time-sinusoidal varying temperature
distribution on the lower wall of the channel. A resonance
frequency which corresponding to a maximum oscillatory
amplitude of the Nusselt number is found for every Prandtl
number. Malashetty and Basavaraja [30] examined the
stability characteristics of a double diffusive convection in
horizontal fluid layer by imposing symmetric or asymmet-
ric temperature modulation on the top and bottom plates.
Kwak et al. [31] investigate the effects of a time-dependent
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temperature boundary condition at one of the vertical side-
walls of an enclosure to enhance the natural convection
heat transfer. They also found the existence of a resonance
frequency. Later, in Chung et al. [32], the finite-wall effect
within an enclosure which has a higher, time oscillatory
temperature was numerically studied.

The above literature review clearly indicates that the
non-uniform thermal boundary conditions, either spatial
or temporary varying, will significantly alter the flow field
and heat transfer in many applications. Especially, mixed
convection heat transfer is very sensitive to the relative
competition of the free and forced convection as well as
to the assumed thermal boundary conditions. However,
there is a lack of understanding of the mixed convection
heat transfer with non-uniform thermal boundary condi-
tions in a vertical channel, which is often met in practical
applications. Thus, the present study is devoted to explore
the aiding mixed convective heat transfer in a vertical chan-
nel with a finite heated section on one of the flat walls. In
particular, the wall temperature is linearly varying along
the axial coordinate. The governing equations associated
with the boundary conditions are numerically solved. The
aim of present study is to show how the governing vari-
ables affect the velocity and temperature fields, in turn,
the heat transfer characteristics. Finally, according to the
results, an excellent correlation which can accurately and
easily estimate the average Nusselt number within the
investigated parameters’ ranges is proposed.
2. Analysis

Fig. 1 schematically shows the two-dimensional physical
system and the coordinates for the mixed convection in a
Fig. 1. Schematic diagram of physical system with aiding buoyancy.
channel. A vertical parallel channel consists of two infinite
plates with channel spacing b. A finite section (0 6 x 6 ‘)
of the left wall is kept at non-uniform temperature which
is higher than the inlet temperature. The rest of the left wall
and the whole right wall are thermally insulated. A fully
developed, forced flow enters the channel at temperature
Te in the far upstream. Since the flow considered here is
slow, viscous dissipation is negligible. The plate spacing b

and average inlet velocity ue are used to non-dimensional-
ize the momentum and continuity governing equations and
boundary conditions. Temperature difference between the
channel inlet temperature Te and the mean temperature
of the heated section Tm is used to non-dimensionalize
the energy equation and thermal boundary conditions.
Thus, dimensionless governing equations for the steady
two-dimensional, mixed convection for a Boussinesqs’ flow
through a vertical channel are

Continuity equation:

r � ~V ¼ 0 ð1Þ

Momentum equation:

ð~V � rÞ~V ¼ �rP þ 1

Re
r2~V þ Gr

Re2
h~i ð2Þ

Energy equation:

ð~V � rÞh ¼ 1

Re � Pr
r2h ð3Þ

where ~V is the velocity vector U~iþ V~j and~i;~j are the unit
vector in X and Y direction, respectively. The associated
boundary conditions are

U ¼ 6ðY �Y 2Þ; V ¼ 0; h¼ 0 at X !�1
oU
oX
¼ oV

oX
¼ oh

oX
¼ 0 at X !1

h¼ h1þ2X ð1�h1Þ=L; U ¼ 0; V ¼ 0 at Y ¼ 0; 06X 6 L

oh
oY
¼ 0; U ¼ 0; V ¼ 0 at Y ¼ 0; X 5 0 or X =L

oh
oY
¼ 0; U ¼ 0; V ¼ 0 at Y ¼ 1

ð4Þ

The dimensionless velocities U and V are zero on the solid
boundaries. It is noted that the linearly varying tempera-
ture distribution is controlled by h1 which is the dimension-
less temperature at X = 0 and Y = 0. The values of h at the
lower and upper ends of the wall section are h1 and 2 � h1,
respectively. Accordingly, the temperature of this section
increases with increasing X only when h1 < 1. When
h1 = 1, the wall temperature is constant (h = 1) over the
heated section. When h1 > 1, the wall temperature de-
creases from h1(X = 0) to 2 � h1(X = L) with increasing
X. Besides, h is always unity at X = L/2 at left wall. The
local Nusselt number of the heated section can be evalu-
ated from equations:
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Nu ¼ hb
k
¼ �oh

oY

����
Y¼0

0 6 X 6 L ð5Þ

The dimensionless overall heat transfer rate is represented
by averaged Nusselt number and defined as

Nu ¼ 1

L
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Fig. 2. Comparisons of (a) temperature, (b) velocity U and (c) local
Nusselt number with various gridlines with Re = 100, Gr = 4 � 104 and
h1 = 2.
3. Solution method

A well-developed and verified program was modified to
numerically solve the governing equations and associated
boundary conditions. More details can be found in
[33,34]. We briefly describe the numerical method. The pro-
jection method [35,36] is employed to numerically integrate
the coupled momentum and continuity governing equa-
tions by two steps. First, a provisional velocity vector V

*
�

is explicitly computed from previous velocity field V
*

n by
ignoring the pressure gradient

V
*
� � V

*
n

Ds
þ V

*
n � rV

*
n � 1

Re
r2V n � B

*

¼ 0 ð7Þ

where V
*

nr � V
*

n denotes the convective term, B
*

the buoy-
ancy force, and Ds the artificial time step. Then, V

*� is cor-
rected by including the pressure effect and by enforcing the
mass conservation at next step n + 1,

V
*

nþ1 � V
*
�

Ds
þrP nþ1 ¼ 0 ð8Þ

and

r � V
*

nþ1 ¼ 0 ð9Þ
Substituting Eq. (8) into Eq. (9) yields the pressure Poisson
equation

r2P nþ1 ¼ 1

Ds
rV

*� ð10Þ

Once we solved the pressure Poisson equation for Pn+1, we
substitute it into Eq. (8) and explicitly calculate V

*
nþ1. Cen-

tral difference is used to approximate all the derivatives
except the convective terms when discretizing the above
equations. To enhance numerical stability and accuracy,
a third-order upwind scheme [37] is employed to discrete
these convective terms. The power-law scheme [38] was
used to discrete the energy equation with the time deriva-
tive treated implicitly. By using the Conjugated Gradient
Squared method [39] to solve the resulting finite-difference
equation system, the temperature can be quickly calculated
to a very high accuracy. The flow is considered to be steady
if the relative error of consecutive iteration for U, V and h
is less than 10�5 and overall energy balance is within 0.1%.

This program is originally written to numerically inte-
grate the transient governing equations when the temporal
dynamics of U, V, and h are desired. Since we emphasize
the steady thermal and flow characteristics varied with
various governing parameters, only the steady results are
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presented in this work. In order to ensure the obtained
results being grid-independent, computations were carried
out with three gridlines systems, i.e., 600 � 96, 600 � 154
and 900 � 96, with Re = 100, Gr = 4 � 104 and h1 = 2
which is believed that the most complicated phenomena
occurs. Some selected results are shown in Fig. 2. Excellent
agreements are observed for local U and h profiles at X = 0,
5 and 10. Three local Nu distributions are collapsed
together indicating the grid-independent heat transfer rate.
Additionally, the average Nusselt numbers are 3.12549,
3.12433 and 3.12766 for the three gridlines systems, respec-
tively. These evidences strongly support that the adopted
program is grid-independent. Therefore, 600 � 96 gridlines
system is suitable and used throughout the present work.

4. Results and discussion

The foregoing problem formulation indicates that the
steady mixed convection in a vertical channel with varying
wall temperature is governed by five non-dimensional
parameters: Reynolds number Re, Grashof number Gr,
Prandtl number Pr, length of heated section L and the tem-
perature at the beginning of the heated section (X = 0) h1.
For the sake of computational load and to focus the effects
of Re, Gr, and h1 on the heat transfer, air is used as the
working fluid (Pr = 0.71) and L = 10 throughout this
work. Computations will be carried out over wide ranges
as Re from 100 to 500, Gr from 4 � 103 to 4 � 104 and
0 5 h1 5 2. Local velocity U and h along Y direction are
plotted to illustrate in detailed flow and thermal character-
istics. Particular attention is paid to the dependence of
average Nusselt number on these important parameters.
Finally, a correlation which can easily and accurately pre-
dict the average Nusselt number over the investigated
range is proposed.

Effects of Gr, Re and h1 on the local velocity U and h
along Y direction at the entrance (X = 0), middle (X = 5)
and exit (X = 10) of the heated section are examined first
and shown in Fig. 3. In Fig. 3(a) and Fig. 3(b), Re and
Gr are 500 and 4 � 103, respectively. Obviously, the heat
transfer is dominated by the forced convection since there
are a very strong inertia and a very weak buoyancy. Under
this circumstance, no matter how h1 changes, the velocity
profile is approaching to the fully developed, parabolic
profile at the three different longitudinal positions, i.e.
X = 0, 5 and 10. For the cases that the wall temperature
linearly increases from X = 0 to X = L i.e., h1 = 0, the local
temperature adjacent to the heated section gradually rises,
too. For any axial cross section, the temperature is highest
adjacent to the heated section then monotonically
decreases with Y. There are several interesting features with
h1 = 2. First of all, it is noticed that the temperature distri-
bution at X = 0 has a very sharp gradient adjacent to the
heated section because the wall is hottest (h1 = 2) and the
fluid is cold. This fact implies a very high local heat transfer
rate. Secondly, due to the better heat transfer around the
entrance of heated section, more heat energy is transferred
into the working fluid. Consequently, a higher temperature
is observed at X = 5 for the case with h1 = 2 than that with
h1 = 0. An increasing first then decreasing temperature pro-
file is found with h1 = 2 at X = 10. This particular temper-
ature distribution has a positive temperature gradient in Y

direction at the wall ðoh
oY jY¼0 > 0Þ means heat flux being

transferred from the hotter fluid to the colder wall. Similar
phenomena are observed in an infinite plate [7] and an
enclosure with spatial varying wall temperature [16].

The results with Re = 500, Gr = 4 � 104 are shown in
Fig. 3(c) and (d). With a Gr 10-fold larger, the fluid beside
the heated section is accelerated upward apparently. Veloc-
ity profile as well as the velocity peak shift toward the left
wall (Y = 0). The temperature distributions are slightly
varied as comparing Fig. 3(a) with 3(c).

Fig. 3(e) and (f) illustrates the temperature and velocity
profiles with Re = 100 and Gr = 4 � 104 in which inertia is
weak and thermal buoyancy is relatively strong. Conse-
quently, the velocity distributions may be significantly
affected by the thermal buoyancy. For h1 = 0, the local
velocity U is similar to a parabolic profile at X = 0. Due
to the strong enough buoyancy at X = 5, the velocity U
reach a peak around Y = 0.12 then monotonically
decreases with Y. At X = 10, the velocity neighbor to the
heated section is so large that negative velocity is observed
near Y = 1 to ensure the mass conservation. Therefore a
recirculation is formed adjacent to Y = 1 in the down-
stream. For h1 = 2, the velocity distribution at X = 0 devi-
ates slightly from the parabolic profile. However, owing to
the high wall temperature around X = 0, the velocity is dra-
matically distorted at X = 5 which is comparable to that at
X = 10 with h1 = 0. As the fluid flowing toward the down-
stream, the wall temperature decreases linearly, the energy
of hotter fluid is transferred to the colder wall. As a result,
negative velocity is found at X = 10 near to the left wall
(Y = 0). Apparently, a recirculation is produced around
the left wall.

Comparing Fig. 3(a), (c) and (e), it is found that the tem-
perature distributions are limited nearby the left wall in
Fig. 3(a) and (c), therefore the right wall is still kept at zero
temperature. On the contrary in Fig. 3(e), the temperatures
penetrate into the channel and the right wall’s temperature
is raised.

The local Nusselt numbers varied with different Gr, Re

and h1 combination are displayed in Fig. 4. For Re = 500
and 4 � 103 in Fig. 4(a), forced convection is the main heat
transfer mechanism. With h1 = 0, Nu increases with X with
a power of 0.6473; with h1 = 1, i.e., isothermal surface, Nu

decreases with X in a form, Nu / X�0.378; while for h1 = 2,
Nu / lnX. It is noted that with h1 = 2, Nu becomes nega-
tive for X > 6. This fact implies that the heat is transferred
from the fluid to the wall as explained in Fig. 3(a). There is
no flow reversal at X = 10 as evident from Fig. 3(b) and Nu

decreases from X = 6 to X = 10 monotonically.
Fig. 4(b) depicts the local Nusselt number distributions

with Re = 500 and Gr = 4 � 104. In spite of Gr being chan-
ged from 4 � 103 to 4 � 104, similar behaviors of Nu are
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observed for these two Grashof numbers. But after a close
examination, Nu does increase with Gr because the rein-
forced aiding buoyancy force.

The local Nusselt number results with Re = 100 and
Gr = 4 � 104 are illustrated in Fig. 4(c). By comparing with
Fig. 4(b), for both h1 = 0 and h1 = 1, similar trends are
obtained except the lower Nu in Fig. 4(c). It is worthy to
note that for h1 = 2, at the end of the heated section, Nu
first decreases, then slightly increases, finally abruptly
drops which is different from the smoothly decreasing in
Fig. 4(a) and (b). This unusual variation of Nu is resulted
from the simultaneously action of the flow recirculation
and the heat transferred from warmer fluid to the colder
wall around X = 10.

After discussing the local distributions of U, h1 and Nu,
we concern about the dimensionless average heat transfer
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coefficient Nu varied with Gr, Re and h1. In Fig. 5, the
abscissa is h1, representing the degree of wall temperature
variation; Y axis is Nu, representing the overall heat trans-
fer rate. First of all, for any combination of Gr and Re, Nu
always decreases with h1. It means that better heat transfer
occurs when wall temperature linearly increases with X.
Obviously with Re = 100, Gr = 4 � 104 and h1 = 1.8, Nu
is nearly the same because of the different Nu trend as
shown in Fig. 4(c). For any h1, Nu increases with Re and
Gr. This seems reasonable because increase of Re and/or
Gr induces a higher local velocity adjacent to the heated
section.

The monotonic variations of Nu depending on Gr, Re
and h1 suggest to proposing a single correlation to describe
the relationship between these dimensionless quantities.
After a few try of different combinations, we obtain an
empirical correlation as followed:

Nu ¼ d þ e

½expðaþ bRe0:5 þ ch1Þ�1:5

( )�1

for any Gr

ð11Þ

where a, b, c, d and e are constants and related to Gr. Fig. 6
is plotted to demonstrate the parity plot of Nunum and Nucor

with Gr = 4 � 103, 2 � 104 and 4 � 104. Re is ranged from
100 to 500 with increase 25 while h1 is ranged from 0 to 2
with increase 0.2. Nunum and Nucor are Nu obtained from
numerical simulation and from the proposed correla-
tion, respectively. There are total 187 cases in each of
Fig. 6(a)–(c) and are represented by the hollow squares.
The solid lines represent the perfect correlation Nunum ¼
Nucor. Evidently, either the thermal buoyancy is negligible
(i.e., forced convection, Fig. 6(a)) or not (i.e., mixed con-
vection, Fig. 6(c)), accurate Nu can be easily obtained via
the proposed correlation if Re and h1 are given.

Furthermore, we are going to extend the correlation to
include the effects of Gr since we are aware that the coeffi-
cients a, b, c, d and e are functions of Gr only. To obtain
enough data, computations were carried out for Gr ranged
from 4 � 103 to 4 � 104 with increase 4 � 103. The ranges
of Re and h1 are the same. Therefore, there are total
2046 points. The results are shown in Fig. 7 and indicate
an excellent representation between Nunum and Nucor. The
coefficients a, b, c, d and e are as followed:
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a ¼ 0:8145þ 0:04455ðln GrÞ2

b ¼ 0:01562þ 0:0266eð�Gr=124:44Þ

c ¼ �0:02657þ 0:004898eð�Gr=129:61Þ

d ¼ ð0:2989� 0:005524Gr0:5Þ2

e ¼ 1:1205þ 0:1404Gr0:2184

ð12Þ

It is emphasized again that the most used isothermal
boundary condition can be included in the present study
by setting h1 = 1. Therefore, the proposed correlation
equation (11) with the coefficients Eq. (12) is also applica-
ble to the isothermal surface as well.

5. Concluding remarks

Through a detailed numerical simulation, the laminar
mixed convective heat transfer in a vertical channel with
a finite section of linearly varying wall temperature on
the left channel wall is investigated. Computations have
been carried out over wide ranges of the governing param-
eters. The results can be briefly summarized as follows:

1. The presence of linearly varying wall temperature signif-
icantly changes the local velocity U, temperature h, local
Nusselt number Nu and, consequently, the average Nus-
selt number Nu;

2. Nu increases with Gr and Re, but decreases with the
assigned wall temperature at X = 0, h1;

3. An excellent correlation is proposed for Nu with the wide
ranges of investigated parameters, i.e., Re from 100 to
500, Gr from 4 � 103 to 4 � 104 and h1 from 0 to 2.
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